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The role of the slope in the the
multi-measure cosmological model
Denitsa Staicova
Abstract In this work, we report some results on the numerical exploration of
the model of Guendelman-Nissimov-Pacheva. This model has been previously
applied to cosmology, but there were open questions regarding its parameters.
Here we demonstrate the existence of families of solutions on the slope of the
effective potential which preserve the duration of the inflation and its power.
For this solutions, one can see the previously reported phenomenon of the
inflaton scalar field climbing up the slope, with the effect more pronounced
when starting lower on the potential slope. Finally we compare the dynamical
and the potential slow-roll parameters for the model and we find that the
latter describe the numerically observed inflationary period better.
1 Cosmology today
Some of the most defining features of the Universe we live in are that it is
isotropic, homogeneous and flat. They have been confirmed to great precision
by cosmological probes (WMAP, Planck). Another important observation is
that the universe is currently expanding in an accelerated way (confirmed
by the data from SNIa and the Cepheids) which requires the introduction of
dark energy. A model which describe all of those fundamental properties is
the Λ − CDM model, in which different components of the energy density
contribute to the evolution of the universe as different powers of the scale
factor.
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Explicitly, in the Friedman-Lemaitre-Robertson-Walker (FLRW) metric
g˜µν = diag{−1, a(t)2, a(t)2, a(t)2}, we have for the first Friedman equation:
H = a˙
a
= H0
√
Ωma−3 +Ωrada−4 +ΩΛ
Here H = a˙(t)/a is the Hubble parameter and a(t) is the scale factor
parametrizing the expansion of the Universe. H0 is the current Hubble con-
stant, Ωm is the critical matter density (dark matter and baryonic matter),
Ωrad is the critical radiation density, and ΩΛ is the critical density of the cos-
mological constant (i.e. dark energy). In our units (G = 1/16π), ρcrit = 6H
2
0 ,
therefore Ωx = ρx/ρcrit = ρx/(6H
2
0 ) for X = {m, rad, Λ}.
While the Λ−CDM model offers a rather simple explanation of the evo-
lution of the Universe (the minimal Λ−CDM has only 6 parameters), it still
has its problems. Some of the oldest ones – the horizon problem, the flatness
problem, the missing monopols problem and the large-structures formation
problem, require the introduction of a new stage of the development of the
Universe – the inflation. The inflation is an exponential expansion of the Uni-
verse lasting between 10−36s and 10−32s after the Bing Bang, which however
increases the volume of the Universe 1070 times.
The simplest way to produce inflation [1] is to introduce a scalar field
φ which is moving in a potential Vinfl(φ). Inflation is generated by the ex-
change of potential energy for kinetic energy. In this case, the evolution of
the Universe will be described by two differential equations:
H2 =
8π
3m2Pl
(Vinfl(φ) +
1
2
φ˙2) (1)
φ¨+ 3Hφ˙+ V ′infl(φ) = 0, (2)
where the first one is the Friedman equation and the second is the inflaton
equation. Inflation occurs when a¨(t) > 0 which happens in this simple system
when φ˙2 < V (φ), i.e. when the potential energy dominates over the kinetic
one. The pressure and the energy density are:
pφ = φ˙
2/2− Vinfl(φ), ρφ = φ˙2/2 + Vinfl(φ).
One can consider different forms for the effective potential, but those sim-
plistic inflationary theories have the problem of not being able to reproduce
the graceful transition from inflation to the other observed epochs.
2 The multimeasure model
There are different ways to obtain a model with richer structure. Here we
follow the model developed by Guendelman, Nissimov and Pacheva [2, 3, 4,
5, 6, 7, 8] (also for some more recent applications of the model [9]). The
idea is to couple two scalar fields (the inflaton φ and the darkon u) to both
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standard Riemannian metric and to another non-Riemannian volume form,
so that the model can describe simultaneously early inflation, the smooth
exit to modern times, and the existence of dark matter and dark energy.
The action of the model: S = Sdarkon+Sinflaton is (for more details [8, 10]):
Sdarkon =
∫
d4x(
√−g + Φ(C))L(u,Xu)
Sinflaton =
∫
d4xΦ1(A)(R + L
(1)) +
∫
d4xΦ2(B)
(
L(2) +
Φ(H)√−g
)
where Φi(Z) =
1
3ǫ
µνκλ∂µZνκλ for Z = A,B,C,H , are the non-Riemannian
measures, constructed with the help of 4 auxiliary completely antisymmetric
rank-3 tensors and we have the following Lagrangians for the two scalar fields
u and φ:
L(u) = −Xu −W (u)
L(1) = −Xφ − V (φ), V (φ) = f1e−αφ
L(2) = −b0e−αφXφ + U(φ), U(φ) = f2e−2αφ
where Xc =
1
2g
µν∂µc∂νc are the standard kinetic terms for c = u, φ.
Trough the use of variational principle, for this model, it has been found
that there exists a transformation
g˜µν =
Φ(A)√−g gµν (3)
∂u˜
∂u
= (W (u)− 2M0)− 12 , (4)
for which for the Weyl-rescaled metric g˜, the action becomes
S(eff) =
∫
d4x
√
−g˜(R˜ + L(eff)). (5)
For the rescaled metric g˜ and the derived effective Lagrangian, Leff , the
Einstein Field equations are satisfied.
The action in the FLRW metric becomes (v = u˙):
S(eff) =
∫
dt a(t)3
(
− 6 a˙(t)
2
a(t)2
+
φ˙2
2
− v
2
2
(
V +M1 − χ2b0e−αφφ˙2/2
)
+
v4
4
(χ2(U +M2)− 2M0)
)
.
from which one can obtain the equations of motion in the standard way.
Explicitly, the equations of motion are:
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v3 + 3av + 2b = 0 (6)
a˙(t) =
√
ρ
6
a(t), (7)
d
dt
(
a(t)3φ˙(1 +
χ2
2
b0e
−αφv2)
)
+ a(t)3(α
φ˙2
2
χ2b0e
−αφ + Vφ − χ2Uφ v
2
2
)
v2
2
= 0
(8)
Here a = −13
V (φ)+M1−
1
2
χ2be
−αφφ˙2
χ2(U(φ)+M2)−2M0
,b = −pu2a(t)3(χ2(U(φ)+M2)−2M0) and
ρ =
1
2
φ˙2(1 +
3
4
χ2be
−αφv2) +
v2
4
(V +M1) +
3puv
4a(t)3
is the energy density.
3 The numerical solutions
One can see that the parameters of this system are 12: 4 free parameters
{α, b0, f1, f2}, 5 integration constants {M0,M1,M2, χ2, pu} and 3 initial con-
ditions {a(0), φ(0), φ˙(0)}.
We use the following initial conditions:
a(0) = 10−10, φ(0) = φ0, φ˙(0) = 0. (9)
To narrow down the parameter-space, we add also {a(1) = 1, a¨(0.71) = 0}.
The consequences of these choices are as follow:
1) The initial condition a(0) = 0 introduces a singularity at the beginning
of the evolution.
2) The normalization a(1) = 1 fixes the age of the Universe.
3) The condition a¨(0.71) = 0 sets the end of the matter-domination epoch.
Defined like this, we have an initial value problem (Eqs.9), which we solve
using the shooting method, starting the integration from t = 0.
It is possible to also start the integration backwards, from t = 1, using as
initial conditions: a(1) = 1, φ(1) = φend, φ˙(1) = 0 and aim for a(0) = 0. Here
φ˙(1) = 0 guarantees that the evolution of the inflaton field has stopped and
the universe is expanding in an accelerated fashion. While both approaches
work, integrating forward has the benefit of dealing with the singularity at
a(0) = 0 at the beginning of the integration, rather than at its end. Moving
our initial point of integration away from a(0) = 0 decreases the significance
of the term pu/a(t)
3. This effectively means putting pu = 0, which we do not
want, because pu is the conserved Noether charge of the “dust” dark matter
current (see [8]).
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The initial velocity of the scalar field φ˙(0) is not a free parameter of the
system, because its value is quickly fixed by the inflaton equation, i.e the
results do not depend on φ˙(0) in a very large interval.
An important feature of the model, is that the type of evolution one would
obtain, depends critically on the starting position on the effective potential.
We consider as physically “realistic” only the evolution with four epochs
— short first deceleration epoch (FD), early inflation (EI), second deceler-
ation (SD) which we interpret as radiation and matter dominated epochs
together and finally — slowly accelerating expansion (AE). In terms of the
equation of state(EOS) parameter w(t) = p/ρ, those are solutions for which:
1) wFD → 1/3, corresponding to the EOS of ultra-relativistic matter, 2)
wEI → −1 – EOS of dark energy, 3) wSD > −1/3 – EOS of matter-radiation
domination, 4) wAE < −1/3 – accelerating expansion period. One obtains
this type of solution only for specific choice of the parameters and when start-
ing on the slope of the effective potential. Starting anywhere else results in
a non-physical solution (with less epochs). Here we will work only with the
“realistic” solutions.
Numerically, the times of the different epochs are defined by the three
points in which second derivative of the scale factor becomes zero, i.e. a¨(ti) =
0 for ti = tEI , tSD, tAE . In the units we use, tSD ∼ 10−50 and tAE ∼ 0.71.
We have already reported [12] a study on how the choice of the parameters
affects tSD. Here we will discuss some additional features of the model.
In [12] we used the parameter b0 to set tAE ∼ 0.71 and parameter f1 to
ensure a(1) = 1. Changing f1 however changes the effective potential defined
by:
Ueff (φ) =
1
4
(f1e
−αφ +M1)
2
χ2(f2e−2αφ +M2)− 2M0 . (10)
thus making it harder to study how the solutions depend on the starting
position on the slope.
In the current article, we will go a different route and we will use b0 to
set tAE ∼ 0.71 and pu to ensure a(1) = 1. This will simplify our problem
significantly, since now we will have only 3 parameters to consider {b0, pu, φ0}.
It will also enable us to study how the solutions depend on φ0, as the effective
potential does not depend on b0 and pu.
Numerically, we work with the following solution:
{χ2 = 1, M0 = −0.034, M1 = 0.8, M2 = 0.01, α = 2.4, f1 = 5, f2 =
10−5}.
For these values of the parameters, the effective potential is step-like, as
seen on Fig.1 a) . The effective potential reaches its asymptotic values for the
plateaus for φ− < −4.5, φ+ > 1.7 (i.e. where U ′eff → 0). The slope can be
defined as the region φ ∈ (−2.5,−1.2), with an inflexion point at φ0 = −1.87.
For this effective potential, one can find different sets of solutions. A family
of solutions is shown on Fig.1 b). One can see the different branches of the
solutions corresponding to different φ0 (in this case φ0 ∈ [−1.5,−1.45]). As
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a b
Fig. 1: On the panels one can see: (a) the effective potential (d) the plane
pu(b0), the different branches correspond to different φ0, the points are solu-
tions, the diamonds are solutions with tAE = 0.709− 0.711.
we have mentioned, we require from our solutions to fulfill a′′(0.71) = 0,
i.e. tAE = 0.71. The points on Fig. 1b) do that with precision of 10
−2,
the diamonds show the points which satisfy it with precision of 10−3 and
the different branches correspond to different φ0. From this plot, one can
gain insight on the dependence of b0(pu) for the solutions (here different
points on the branches correspond to tAE = 0.705..0.715) and how solutions
corresponding to different φ0 depend on tAE which increases with the decrease
of b0 along each branch.
On Fig. 2 a) we show the dependence φ0(b0) for solutions with tAE = 0.71
with precision of 10−3. We do not show the dependence φ0(pu) as it appears
chaotic.
a b
Fig. 2: On the panels is (a) the dependence φ0(b0) (b) the dependence N(φ0)
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A very interesting feature of these solutions, plotted on Fig.2 a) and b), is
that they keep tEI and tSD approximately constant. I.e. while moving up and
down the slope, we do not change the physical properties of our solutions.
This can be seen on Fig. 2 b), where we have plotted the e-folds parameter
defined as N = ln (aSD/aEI) for the solutions corresponding to different φ0.
One can see that it remains more or less the same under the precision we are
working with. In our results, only φ(t) is sensitive to the changes in φ0.
On Fig. 3 a) and b) we have plotted how w(t) and φ(t) vary for φ0 =
{−1.2,−1.6,−2} and we have zoomed on the interval t = 0..0.1 where in-
flation should take place. One can see that there is very little difference in
the times of inflation (corresponding to w(t) = −1), but there is more visible
difference in the evolution of φ(t). This, however leads to a very small devi-
ation in φ(t = 1) – less than 5% from the lowest to the highest point on the
slope. This result is highly unexpected since one could expect that the power
of the inflation and end values of a(t), φ(t) will depend more strongly on φ0,
which we do not observe here. Note, we could not integrate further up than
φ0 = −2.05 which is far from the upper end of the slope φ = −2.5. This is
because after this point, φ¨(t) becomes infinite and the numerical system hits
a singularity.
Finally, an important note to make is that on Fig. 3a) one can see the
reported before ([12, 13]) climbing up the slope. Somewhat unexpectedly, it
is strongest for points with lowest φ0. For them, the highest value of φ(t)
is reaching φ = −3.10 which corresponds to the upper plateau. This is a
further confirmation of our observation in [12] that the movement of the
inflaton doesn’t correspond to the classical exchange of potential energy for
kinetic one, but instead it is closer to the the stability of the L4 and L5
Lagrange points.
a b
Fig. 3: Zoomed at t ∈ (0, 0.1) are the evolutions of: (a) the inflaton field φ(t),
(b) the equation of state w(t) = p(t)/ρ(t). Here φ0 = −1.2,−1.6,−2 are with
dashed, dashed-dotted and solid lines respectively.
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This follows from the fact that the effective potential does not bring the
kinetic energy in standard form (Eq. 2). In the slow roll approximation (ne-
glecting the terms ∼ φ˙2, φ˙3, φ˙4) the inflaton equation has the form:
(A+ 1)φ¨+ 3H(A+ 1)φ˙+ U ′eff = 0, (11)
where A = 12b0e
−αφ V+M1
U+M2
.
For this reason, we find it interesting to compare the kinetic slow-roll
parameters (also called dynamical) defined as:
ǫH = − H˙
H2
, ηH = − φ¨
Hφ˙
(12)
with the potential slow-roll parameters which can be derived to be [14, 4]
(Note that our A is different from the one used in [4]):
ǫV =
1
1 +A
(
U ′eff
Ueff
)2
, ηV =
2
1 +A
U ′′eff
Ueff
(13)
b
Fig. 4: A zoom in on the slow-roll parameters ((a) ǫ and (b) η) in the interval
where infation occurs (t = 0.00138..0.04953). With a solid black line are
plotted the dynamical parameters, with the black dashed one – the potential
ones. The values of {b0, pu, φ0} are {0.76× 10−6, 0.53× 10−19,−1.2}
On Fig. 4 we present an example of the evolution of the “slow-roll” param-
eters for both the kinetic and the potential definitions [14, 4]. One can see
from the plots that the two definitions in this interval are very similar – both
give mostly very small values of the slow-roll parameters. One also notices
that the intervals on t for which the slow-roll parameters of both kinds are
very small (say, | < 0.1|) are shorter than the numerically obtained one, given
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by tEI ..tSD
1. In general, it seems that the potential slow-roll parameters give
intervals closer to the numerical ones. However, the conclusion is that if the
slow-roll parameters are used to estimate inflation theoretically, those small
deviations in the intervals may lead to misestimations of N .
Finally, a note on the e-folds parameter, which measures the power of the
inflation. The theoretical estimation for the number of e-folds needed to solve
the horizon problem is model-dependent but is N > 70. In our example, we
get N ≈ 15. It is important to note, that there is a numerical maximum
of the number of e-folds of about N ≈ 22, due to the fact we are starting
our integration at a(0) ∼ 10−10. In order to get a higher N , one needs to
start with smaller a(0), but to do so, we need to improve significantly the
precision of the integration. Parameters-wise, the best way to get powerful
early inflation is trough increasing α or decreasing f2 [12].
4 Conclusions
In this work, we have explored numerically the model of Guendelman-
Nissimov-Pacheva in a specific part of its parametric space related to the
different initial conditions on the slope of the effective potential. Even though
it is impossible to study the entire parameter space, we have shown some im-
portant properties of the model.
Most importantly, we have shown that there exist families of solutions on
the slope which preserve the initial and the ending times of the inflation and
also, that they give similar number of e-folds. Furthermore, one can see that
the main difference between starting at the top of the slope and at its bottom
is the behavior of the inflaton scalar field, which climbs up all the way to the
top of the slope before entering in inflation regime. This mechanism requires
further study.
Finally, we have considered the dynamical and the potential slow-roll pa-
rameters for the model and we have shown that the potential slow-roll pa-
rameters seem to describe the inflationary period better. They, however, do
not match entirely with the numerically obtained duration of the inflation.
Acknowledgments
It is a pleasure to thank E. Nissimov, S. Pacheva and M. Stoilov for the
discussions.
1 To be precise, the intervals are: for ǫV : 0.0012..0..0473, for ǫH : 0.0034..0.0481 for
ηV := 0.0021..0.041 for ηH : 0.013..0.033
10 Denitsa Staicova
The work is supported by Bulgarian NSF grant DN-18/1/10.12.2017 and
by Bulgarian NSF grant 8-17. D.S. is also partially supported by COST
Actions CA18108.
References
1. A. R. Liddle, Procs. of ICTP summer school in high-energy physics, 1998,
arXiv:astro-ph/9901124;
2. E.I. Guendelman, Mod. Phys. Lett. A 14 1043-1052 (1999), arXiv:gr-qc/9901017;
3. E.I. Guendelman and P. Labrana, Int. J. Mod. Phys. D22 (2013) 1330018,
arXiv:1303.7267 [astro-ph.CO];
4. E. Guendelman, R. Herrera, P. Labrana, E. Nissimov, S. Pacheva, Emergent
Cosmology, Inflation and Dark Energy, General Relativity and Gravitation 47
(2015) art.10, arXiv:1408.5344 [gr-qc]
5. E. Guendelman, E. Nissimov, S. Pacheva, Metric-Independent Volume-Forms in
Gravity and Cosmology, Invited talk at the Memorial ”Matey Mateev Sympo-
sium”, April 2015, Bulgarian Journal of Physics, 42 (2015), arXiv:1505.07680
[gr-qc];
6. E. Guendelman, R. Herrera, P. Labrana, E. Nissimov, S. Pacheva, Stable Emer-
gent Universe – A Creation without Big-Bang, Astronomische Nachrichten 336
(2015) 810-814, arXiv:1507.08878 [hep-th]
7. E. Guendelman, E. Nissimov, S. Pacheva, Gravity-Assisted Emergent Higgs
Mechanism in the Post-Inflationary Epoch, International Journal of Modern
Physics D 25 (2016) 1644008, arXiv:1603.06231 [hep-th]
8. Eduardo Guendelman, Emil Nissimov, Svetlana Pacheva.,Quintessential Infla-
tion, Unified Dark Energy and Dark Matter, and Higgs Mechanism, Bulgarian
Journal of Physics 44 (2017) 15-30, arXiv:1609.06915[gr-qc]
9. D. Benisty et al., Modified Gravity Theories Based on theNon-Canonical Volume-
Form Formalism, Contribution to XIII-th International Workshop ”Lie Theory
and Its Applications in Physics”, Varna (2019); to be published in Springer
Proceedings in Mathematics and Statistics, ed. V Dobrev, Springer (2020),
arXiv:1905.09933 [gr-qc]
D. Benisty et al., Dynamically Generated Inflation from Non-Riemannian Volume
Forms, Eur. Phys. J. C (2019) 79: 806, arXiv:1906.06691
D. Benisty et al., Dynamically generated inflationary two-field potential via non-
Riemannian volume forms, Nucl.Phys. B 951 (2019) 114907,arXiv:1907.07625
D. Benisty et al., Non-Riemannian Volume Elements Dynamically Generate Infla-
tion, 10th Mathematical Physics Meeting, Belgrade, Sept. 2019, arXiv:1912.10412
(to be published?)
10. D. Staicova, M. Stoilov, Cosmology from multimeasure multifield model, Interna-
tional Journal of Modern Physics A, Vol. 34 (2019) 1950099, arXiv:1906.08516
11. D. Staicova, M. Stoilov, Cosmological solutions from models with unified dark
energy and dark matter and with inflaton field , Proceedings of the XII. In-
ternational Workshop Lie Theory And Its Applications In Physics (2017),
arXiv:1801.07133
12. D. Staicova, M. Stoilov, Cosmological Solutions from a Multi-Measure Model with
Inflaton Field, Symmetry 2019, 11(11), 1387, arXiv:1806.08199
13. D. Staicova, The multi-measure cosmological model and its peculiar effective po-
tential, AIP Conference Proceedings 2075, 100003 (2019) ”10th Jubilee Interna-
tional Conference of the Balkan Physical Union”
The slope of the multi-measure model 11
14. A. R. Liddle, P. Parsons, J. D. Barrow, Formalising the Slow-Roll Approximation
in Inflation, Phys.Rev. D50 (1994) 7222-7232, arXiv:astro-ph/9408015
15. Suzuki et al. (The Supernova Cosmology Project),The Hubble Space Telescope
Cluster Supernova Survey: V. Improving the Dark Energy Constraints Above z¿1
and Building an Early-Type-Hosted Supernova Sample, ApJ 746, 85 (2012)
